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Sharing Risks of Deferred Payment

Steven Shavell

Harvard University

Uncertainty often enters into an economic transaction when payment
is deferred. In this case the risk to transactors can usually be reduced by
agreement on a plan that makes the amount paid depend on the occur-
rence of uncertain events.

For example, if movements in the price level cannot be predicted, then
the real value of a future payment is uncertain. In order to eliminate this
risk, some economists have suggested that payment should be made
according to a cost-of-living escalator. That is, payment should be a
variable (1 + n) N where 7 is the inflation in prices over the period in
question and N is some nominal amount. In principle, however, payment
could depend in an arbitrary way on inflation. The question then arises
of what is a Pareto optimal payment plan—a plan designed so that no
substitute arrangement could mutually benefit the transactors. Pareto-
optimal payment plans are not, in general, cost-of-living escalators. They
are determined jointly by transactors’ attitudes toward risk, by opinions
about the future rate of inflation, and by the correlation with inflation of
income or outgo which is unrelated to the payment plan.

Another example in which deferred payment involves risk concerns
contracts made between parties who transact in different currencies under
conditions of uncertainty over the future rate of exchange. The usual
type of contract, which fixes payment in one of the two currencies, is not
Pareto optimal even if the parties engage in transactions in the forward
exchange market. A Pareto-optimal contract, on the other hand, links
payment to the exchange rate in a way depending on a set of factors
similar to those mentioned above for the case of inflation.

Before discussing the two examples, Pareto-optimal payment plans
will be briefly considered in a slightly more general context. The section
below on these plans is most closely related to Borch (1960, 1962) on
reinsurance treaties and Arrow (1971) on optimal insurance policies but
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differs in its interpretation and in its emphasis on the effect of unrelated
or “exogenous’ changes in wealth on risk sharing.

Pareto-optimal Payment Plans

Suppose that transactor U, who is to receive payment, and transactor V,
who is to make payment, each acts as if he were maximizing the expected
value of a function-giving utility of wealth.! Let the utility functions of
Uand Vbe U(-) and V(-), respectively. Denote by d,(+) and d,(*) the
densities of their subjective probability distributions over the real num-
bers, to be interpreted as states of nature.? Assume also that d,(s) =0
if and only if d,(s) = 0.

A payment plan is therefore a function x(-) giving the amount x(s)
which V'is to pay U when s occurs.® Suppose that u(s) is the expected
wealth of U exclusive of payment from V, given the occurrence of s, and

that v(s) is similarly defined. Then under a payment plan the expected
utility of U is

5 Uals) + x(H)d,(Hds )
and that of Vis

f V[sls) — #()d,(s)ds 2)

(All these functions are assumed differentiable.) Accordingly, a Pareto-

optimal payment plan x(+) maximizes (1) with (2) held constant.*
If neither transactor prefers risk, then a necessary and sufficient
condition for Pareto optimality is that

dy($)V'[o(s) = %(s)] = kdy(s)U'[u(s) + x(s)], (3)

where £ is a positive constant. This equation implies that the marginal
rates of substitution between dollars in different states are the same for

t Of course, other arguments of the utility function Qoncuding what U transferred o V
in the exchange preceding payment) are held constant and are suppressed in the
notation.

? Consideration of the case in which the states of nature are vectors is straightforward
but does not seem to add insight.

* Although as stated U and V have symmetric positions in the problem, we think of U
as recipient, especially since in most real cases payment will be positive. If, as may
sometimes be appropriate, it is assumed that payment is nonnegative, the consequent
modifications (e.g., > replaces = in [3]) are, again, straightforward.

+ If, say, U believes some event is possible and V does not, then there are no Pareto-
optimal plans. This is because ¥ would then be willing to contract to pay U any amount
if the event occurred. The problem obviously does not arise if either the condition
d,(s) = Oifand only if d,(s) = 0 or some constraint on borrowing is assumed. We chose
to make the former assumption in the interest of avoiding tedious consideration of cases
in which constraints are or are not binding.
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U and V. The equation follows easily from an argument used by Arrow
(1971, p. 217) on optimal insurance policies or from the calculus of
variations, >

Now differentiate (3) to obtain an equation in x’(s),

LV Te(s) = %)) + dy($)[V'(s) — & ()]V"[o(s) — x(s)]
= KA U'Tu(s) + x(5)] + d,(s)[w'(s) + ' (5)]U"u(s) + ()1},

or, substituting for £ and solving for x(s),

VOI=V" DIV O] = @ ()~ U ()07 (5)]
00 + {[405)/d,()] — [45(5)dy(s)])
[(=V" OV O] + [=U"(6)U()

> (4)

where U'(s) = U'[u(s) + x(s)] and similarly for U’(s), V'(s), and V"(s).

The slope of the payment schedule is therefore determined by the
derivatives of wealth exclusive of payment, the levels of absolute risk
aversion, and the difference in subjective beliefs as expressed by the
proportional rate of change of the probability density. Other con-
siderations, such as bargaining power and market forces, place limits
on the height of the payment schedule.

The effect of the difference in beliefs is easy to interpret. It is to insure
that transactor in whose opinion the likelihood of higher s is growing
most rapidly.

In order to interpret other terms of the equation, assume that risk-
averse U and V have identical opinions. Then the equation implies that
if v'(s) and «(s) are of opposite sign, x’(s) has the sign of v'(s), offsetting
movements in prepayment wealth for both transactors.® But if v'(s) and
u'(s) are of the same sign, %'(s) is opposite in sign to the derivative of
prepayment wealth for the transactor with the greater weighted level of
risk aversion, offsetting movements in his prepayment wealth.

Finally, note two simple facts which follow from the equation (or
directly from Jensen’s inequality): (i) A payment plan for two risk-averse
transactors with identical beliefs and constant expected wealth exclusive
of payment is Pareto optimal if and only if payment is constant. (ii) A
payment plan for a risk-neutral transactor and a risk averter with identical
beliefs is Pareto optimal if and only if it leaves the risk averter with fixed
final wealth.” This second case is approached as the ratio of degrees of
risk aversion of the transactors increases: Divide the numerator and

* Borch (1960) first proved that an equation similar to (3) characterizes Pareto-optimal
risk sharing.

¢ This does not mean that the final wealth of both transactors is necessarily smoothed
(in the sense, say, of a reduction in variance) although one might expect it to be the
typical case.

7 Baily (1974) notes essentially this fact.
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denominator of (4) by —V"(s)/V’(s) and let the ratio of degrees of risk
aversion approach infinity. Then x’(s) approaches —u'(s). Similarly, if
the ratio approaches zero, x'(s) approaches v'(s).

Two Examples
A. Indexing and Uncertainty over the Rate of Inflation

If 5 is the rate of inflation over a period and wealth is interpreted as real
wealth, then a payment plan gives for any s the real payment x(s); the
nominal payment is (1 + 5)x(s). Consequently, a payment plan x(s) = ¢,
a constant, represents a cost-of-living escalator; a plan with xX(s) >0
implies that real payments actually increase with inflation; a plan with
x’(s) < 0, such as a nominally fixed payment, implies that real payments
do not keep up with inflation.

If it were true that everyone shared the same beliefs about inflation
and had no source of real income affected by it—that is, u(-) and »(-)
constant—then a cost-of-living escalator would be Pareto-optimal (items
1,11). Hence, a situation in which all real income and wealth are protected
against inflation is self-supporting in the sense that any new Pareto-
optimal payment plan would be a cost-of-living escalator.

For most transactors, however, opinions over the future course of
inflation differ and real income exclusive of payment is correlated with
inflation. Therefore the results of the previous section show that a Pareto-
optimal payment plan is rarely a cost-of-living escalator. From the
discussion following (4), it becomes intuitively obvious that under a
Pareto-optimal plan payments are made as if to compensate for other
inflation losses or gains. For instance, if U’s weighted degree of risk
aversion is sufficiently great compared with I'’s, then real payment to U
will rise with inflation if his real income from other sources is negatively
correlated with inflation and fall if his income is positively correlated.

[The random variables u(-) and »(-) describing income from other
sources may depend on x(-). For instance, the portfolio of an individual
would probably change if his wage income were protected against
inflation. Hours worked might also change. We do not consider explicitly
such effects here®; we are concerned with risk sharing and therefore with
what the final relationship must be among u(- )> v(*), and x(-) for Pareto
optimality. |

We now comment briefly on Pareto-optimal linkage for two important
payment plans: wage contracts and bonds. It seems reasonable to argue
that for many individuals real disposable income would have fallen
recently even if their wages had been fully escalated. This is because

8 In unpublished notes, Blinder (1975) considers some of these effects in a context
similar to that of this section.



COMMUNICATIONS 165

average tax rates increase with nominal income and because, on balance,
real income from asset portfolios—including cash, savings, and equity
in insurance policies, pension funds, a home, or stocks—has often been
negatively correlated with inflation. If this is expected in the future and
if firms may be assumed risk neutral (or at least much less risk averse than
wage earners), then according to a Pareto-optimal escalator clause real
wages should rise with inflation. Of course, a firm would not agree to
such a clause without getting something in return; wage earners ought
to be willing to accept a lower expected real salary in order to enjoy
extra inflation protection.

If such escalators are Pareto optimal, competition should enforce them.
The way this would work is that, for example, a firm which offered a
fixed nominal wage or even a cost-of-living escalator to an individual
whose other income was negatively correlated with inflation would have
to pay a higher expected wage than a firm which offered an optimal
escalator. Similar remarks obviously apply when the Pareto-optimal
escalator does not involve a greater than cost-of-living increase.

Because wage earners differ, competition should encourage firms to
offer a choice of escalators. Some escalators would have a relatively low
expected real wage and a high degree of escalation, others a relatively
high expected real wage and little escalation. A wage earner will wish for
greater escalation the more averse he is to risk, the greater the amount
of his nonwage income and the more negative its correlation with
inflation, and the larger the degree to which his expectations of high
rates of inflation exceed those of the firm (eq. [4]). The choice of escalators
permitted by allowing wage earners to mix according to any desired ratio
a nominally fixed and some highly escalated contract would likely be
sufficient as a practical matter.

The case with bonds is similar, except that the predominant demand
might not be for instruments as highly escalated as in the case of wage
contracts. This claim is based on casual empiricism—that the correlation
with inflation of other income and wealth is not as unfavorable for the
average bondholder as for the average wage earner. In any event, to
accommodate variable demand it would probably be enough for issuers
to float only two bonds, one with a nominally fixed yield and one with
linkage, for investors could purchase these in any proportion.

Although the theoretical arguments of the present section would suggest
otherwise, widespread linkage of payments to the price level has not been
observed in this country. One explanation, stressed by Blinder (1975), is
that individuals are not sufficiently more risk averse than firms. (This
explanation relies on the existence of transaction costs [bargaining, legal,
etc.], for without these any difference in attitude toward risk would make
some kind of linkage mutually advantageous.) While there is obvious
truth in this explanation and some evidence in its favor—for example, the
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“capping” of escalators in certain wage contracts—other not necessarily
competing explanations also bear consideration. One of these has no
doubt been the episodic nature and mild pace of inflation. Regarding
wages, another explanation may be that most agreements in the labor
market do not bind employees; presumably, employees could look for
work elsewhere if payments under a plan turned out to be low.® And, in
the case of bonds, an explanation may be the unfavorable treatment
under the tax laws of interest payment on indexed corporate debt.

Nevertheless, with the increased importance and awareness of inflation,
a tendency toward linkage is to be expected. Whether this tendency is
socially desirable is not clear. QOur argument for Pareto optimality was
distinctly microeconomic, concerned with only two transactors. It took no
account of the influence which extensive use of linkage would have on the
economy as a whole through effects on individual consumption, portfolio
behavior, and expectations. When viewed in this larger context, linkage
may not be in everyone’s advantage.!©

B. Payment in Foreign Currency and Uncertainty over the Exchange Rate

Consider a contract x(+) for deferred payment between risk-averse or
risk-neutral parties U and ¥ who transact in different currencies. For
simplicity, assume that both agree over the probability distribution F
describing the future rate of exchange. Let s be the number of units of
U’s currency purchasable with one unit of Vs currency at the time of
payment. Then, if x(s) is the payment in I’s currency, sx(s) is the payment
in U’s currency. Consequently, the expected utility of U is

J\ Ulu(s) + sx(s)]dF (s) (5)

and that of Vis
J Viv(s) — x(s)]dF (s). (6)

Because U does not receive precisely what V' gives up, the condition for
a Pareto-optimal payment plan is a little different from that of the
previous section. An argument analagous to Arrow’s shows that the
condition for Pareto optimality becomes

Plots) — =6 1sUu(s) + sx(9)] = k. )

 One would therefore expect the following two factors to militate against indexed wage
agreements: (a) low cost of changing jobs, (6) inability to negotiate similar contracts for
a large fraction of employees in an industry.

10 Fischer (1975) has analyzed the effect on portfolio behavior of the opportunity to
buy index-linked bonds and has constructed an example in which the consequence of
their introduction is to make everyone worse off.
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where £ is a positive constant. The meaning of the equation is that the
terms of trade in utility remain constant over exchange rates. Differenti-
ation of (7) and solution for x’(s) would yield an equation similar to (4)
and with very much the same interpretation. It is clear from (7) that a
contract specifying a fixed payment in the currency of either transactor
Is not in general Pareto optimal. Other things equal, a risk-averse U
should receive less in his own currency when the exchange rate is in his
favor. [By other things equal is meant that u(+) and »(-) are constant. ]
If «’(s) > 0, U’s receipts of sx(s) clearly increase with s;!! if x'(s) <0,
equality in (7) cannot be maintained unless sx(s) rises with s. This is easy
to understand, for it says that U receives less in his currency when it is
costly for V in exchange for more when it is cheap.

It is assumed above that the transactors themselves share the risk of
exchange rate fluctuation. When the forward rate or the implicit forward
rate (associated with the spot exchange rate and the interest rates in the
transactors’ countries) make covering exchange rate risk very expensive,
such an assumption may provide a good approximation to the truth.!?
Under these circumstances, one guesses that many potential contracts
are never consummated just because their terms (payment fixed in one
currency) would not allow adequate risk sharing.

When transactors use forward exchange markets, the common practice
is for a contract to specify a fixed payment in, say, V’s currency and for
U to hedge against exchange rate fluctuation to the extent he desires
by selling forward in Vs currency. It is easy to see that in this case also
(7) will rarely be satisfied. A complete analysis of Pareto-optimal con-
tracts in the presence of forward exchange markets requires maximization
of (5) over functions x() with (6) constant, where U and V each choose
optimal forward transactions given x(-). The analysis, which will not be
presented here, does not turn out to be interesting; the results amount
to a complicated mathematical statement of the fact that Pareto-optimal
contracts would make payment depend on the exchange rate not only
to exploit the low ““cost™ of utility for U when s is high but also to offset
variation of other income with changes in s. Forward markets alone are
not a sufficiently discriminating device for such shifting of risk.

Concluding Comment

In the two examples above, payment plans were beneficial because
Insurance against price changes could not be purchased. More generally,
of course, opportunity for improving the allocation of risk when payment
is deferred often arises when markets for claims contingent on states of

! Here it is assumed that payment is positive.
12 The effective cost of forward transactions is likely to be higher the longer the
duration of the contract and the larger the magnitude of the transaction.
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the world are not complete. However, it must be admitted that the scope
for gains in welfare through use of payment plans is limited (though to a
different degree) by the same two factors which frequently prevent
formation of markets for contingent claims, namely, by transaction costs
and moral hazard.
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